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Abstract 

To reveal the evolution mechanism of the lipid film at the meshing interface of involute 
spur gears, an elastohydrodynamic lubrication (EHL) numerical model for line contact 
of lipid-lubricated spur gears was established based on the Ostwald constitutive 
equation. The oil film pressure and thickness distributions along the meshing line were 
obtained by using a numerical iterative algorithm combined with the multi-grid 
technique. On this basis, the influence laws of key operating parameters (gear speed, 
transmitted torque and lipid viscosity) on the elastohydrodynamic lubrication 
characteristics were systematically investigated. The results show that under lipid 
lubrication conditions, when the gear speed increases, the entrainment velocity 
increases accordingly, which is more conducive to the formation of the lubricating oil 
film, resulting in an increase in the oil film thickness. When the transmitted torque 
increases, the oil film thickness will slightly decrease. In addition, when the lipid 
viscosity increases, the position of the secondary pressure peak in the gear contact area 
shifts towards the inlet area, significantly increasing the oil film thickness. However, it 
is not advisable to pursue excessively high lipid viscosity, as the macroscopic rheology 
of the lipid, gear churning loss and lipid supply state should also be comprehensively 
considered. Therefore, in practical applications, when selecting a lipid for gears, the 
specific working conditions must be fully considered to ensure the best lubrication 
performance. 
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1. INTRODUCTION 

Gear transmission is one of the primary drive mechanisms in modern industrial machinery, 
playing a crucial role in aerospace, automotive, marine, mining, and other industries. 
Lubrication is a vital factor in fully utilizing gear load-bearing capacity, reducing the likelihood 
of gear failure, extending gear service life, and enhancing transmission efficiency. Currently, 
lubricating oils and greases are commonly used lubricants. As a semi-solid colloidal dispersion 
system, grease is widely applied across numerous fields due to its outstanding anti-friction and 
anti-wear properties [1]. Compared to oil lubrication, grease offers superior sealing 
performance and adhesion. It can adhere to vertical surfaces without leakage at room 
temperature, eliminating the need for complex internal oil passage or collection structures. 
Grease lubrication also enables equipment light weighting, allowing gearboxes to reduce mass 
without compromising reliability, thereby enhancing equipment survivability [2-3]. In low-
speed, heavy-load, or micro-mechanical transmission scenarios, oil lubrication struggles to 
form sufficiently thick lubricating films, leading to wear. Test results confirm that under 
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boundary lubrication conditions, grease demonstrates superior anti-wear performance 
compared to traditional mineral oils [4-5]. 

Currently, in the field of elastohydrodynamic lubrication (EHL) for involute spur gears, 
research on oil-based EHL has reached a relatively mature stage. Based on the theory of line-
contact EHL, Qiuju Wang et al. [6] focused on high-speed, heavy-load cylindrical gears in aircraft 
engines. Through numerical analysis, they investigated the influence patterns of varying power, 
rotational speeds, and temperatures on gear lubrication performance. Junjie He [7] examined a 
series of elastohydrodynamic lubrication issues, including smooth-surface-to-rough-surface 
contact, full-film-to-partial-film hybrid lubrication, and line-to-point contact, ultimately 
establishing a deterministic hybrid elastohydrodynamic lubrication model for involute gears. 
Han Wang[8] and colleagues investigated tooth surface wear in straight gears under hybrid 
elastohydrodynamic lubrication conditions. Lin Zhang [9] investigated the critical relationship 
between oil film stiffness excitation and system vibration response under various operatin g 
conditions based on line-contact elastohydrodynamic lubrication theory. Jia'ao Zhou et al. [10] 
conducted oil-lubricated elastohydrodynamic studies on steel-polymer spur gear pairs, 
revealing the effects of pressure angle, load, and rotational speed on oil film thickness. 

However, research on the film formation mechanism, rheological processes, and film 
thickness of grease-lubricated spur gears remains insufficient. Therefore, understanding grease 
film formation in gears and predicting film thickness becomes particularly cr ucial. 

2. GEAR GEOMETRIC MODEL 

2.1. Solve for the Combined Radius of Curvature, Entrainment Velocity, And Slide–Rolling 
Ratio 

To conduct the study on the lubrication and flow of grease for involute spur gears, it is 
necessary to calculate the geometric parameters, entrainment velocity, contact load and other 
key parameters at each point along the meshing line of the tooth profile. Two finite-length 
equivalent cylindrical rollers are used to simulate the transient sliding-rolling contact process 
of the gears. The gear meshing process is shown in Figure 1. 

 

Figure 1. Schematic diagram of gear meshing 

N1N2 represents the theoretical meshing line, B2B1 represents the actual meshing line, rb1 
and rb2 are the base circle radii of the two gears, r1 and r2 are the pitch circle radii of the two 
gears, and α is the pressure angle. P is the node, C is a point at the root of the driving gear, D is 
a point at the top of the driving gear, M is a meshing point on the tooth profile of the driving gear, 
the distance from M to the center of the driving gear is rM, and the distance from point M to the 
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node P is LPM. R1 and R2 are the radii of curvature of the two cylindrical rollers at the meshing 
point M, and i is the gear transmission ratio. 

 

𝐿𝑃𝑀 = ±√(𝑟1 𝑠𝑖𝑛 𝛼)
2 − (𝑟1)

2 + 𝑟𝑀
2 ∓ 𝑟1 𝑠𝑖𝑛 𝛼               (1) 

 

𝑅1 = 𝑟1 𝑠𝑖𝑛 𝛼 ± 𝐿𝑃𝑀                       (2) 

 

𝑅2 = 𝑟2 𝑠𝑖𝑛 𝛼 ∓ 𝐿𝑃𝑀                       (3) 
 

Thus, the combined radius of curvature at the meshing point is as follows: 
 

1

𝑅
=

1
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+

1
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                            (4) 

 

The tangential velocities of the driving and driven gears at the point are as follows:  

 

𝑢1 = 𝜔1 × 𝑅1                          (5) 

 

u2 = ω2 × R2                         (6) 
 

Tooth surface entrainment velocity and slide–rolling ratio are as follows: 

 

𝑢𝑠 =
𝑢1+𝑢2

2
                           (7) 

 

𝑞 =
𝑢1−𝑢2

𝑢𝑠
=

2(𝑅1+𝑖𝑅2)

𝑅1−𝑖𝑅2
                        (8) 

2.2. Tooth Surface Contact Load Analysis  

For involute cylindrical gear drives, it is necessary to consider that the overlap is greater than 
1, so there are single-tooth and double-tooth meshing zones, and consider the load distribution 
[11-12]. 

𝑤 =
𝑇1

𝑚𝐿𝑟𝑀 𝑐𝑜𝑠 𝛼
                          (9) 

 

Here, w represents the load per unit length of the tooth width, m represents the number of 
pairs involved in meshing, and L represents the contact length. 

Tooth surface contact stress can be expressed as: 

 

𝜎𝑒𝑞 = (
𝐸′𝐹𝑛

2𝜋𝑅
)
0.5

                         (10) 

 

The equivalent elastic modulus is usually expressed and is usually defined as:  
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E1, E2 and v1, v2 respectively represent the Young's modulus and Poisson's ratio of the tooth 
surfaces of the driving wheel and the driven wheel. 

3. ELASTOHYDRODYNAMIC LUBRICATION MODEL 

3.1. Reynolds Equation 

Assuming that the grease supply is sufficient during gear operation, study the characteristics 
of the grease in a non-starvation state. The grease is composed of base oil and thickener, and its 
viscosity changes at different pressures. When the shear force generated by the relative sliding 
of the tooth surface exceeds the ultimate shear stress of the grease, the grease behaves as a non -
Newtonian fluid under this condition. 

The following three accurate constitutive equations can describe the rheological behavior of 
lubricating grease [13]: 

𝜏 = 𝜂𝛾̇𝑛(𝑂𝑠𝑡𝑤𝑎𝑙𝑑)                        (12) 

 

𝜏 = 𝜏𝑠 +𝜂𝛾̇(𝐵𝑖𝑛𝑔ℎ𝑎𝑚)                      (13) 

 

𝜏 = 𝜏𝑠 + 𝜂𝛾̇𝑛(𝐻𝑒𝑟𝑠𝑐ℎ𝑒𝑙 − 𝐵𝑢𝑙𝑘𝑙𝑒𝑦)                  (14) 
 

In the elastohydrodynamic studies, grease is widely using the Ostwald rheological model. In 
this paper, based on the Ostwald constitutive model, a one-dimensional Reynolds equation for 
grease lubrication is established as follows: 
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Boundary conditions of the Reynolds equation: 

 

{

𝑝|(𝑥 = 𝑥𝑖𝑛) = 0

𝑝|(𝑥 = 𝑥𝑜𝑢𝑡 ) = 0

𝑝|(𝑥𝑖𝑛 < 𝑥 < 𝑥𝑜𝑢𝑡) > 0

                    (16) 

 

𝑥𝑖𝑛, 𝑥𝑜𝑢𝑡  respectively represent the coordinates of the lubricating oil film inlet and outlet 
within the calculation area. 

3.2. Film Thickness Equation  

ℎ(𝑥) = ℎ0 +
𝑥2

2𝑅
−

2

𝜋𝐸′
∫ 𝑝
𝑥𝑜𝑢𝑡
𝑥𝑖𝑛

(𝑠) 𝑙𝑛( 𝑥 − 𝑠)2𝑑𝑠             (17) 

 

3.3. Viscosity–pressure Equation and Density–Pressure Equation 

Density–pressure equation [14] 

𝜌 = 𝜌0 (1 +
0.6𝑝

1+1.7𝑝
)                       (18) 

 

Viscosity–pressure equation [15] 

 

𝜂 = 𝜂0 𝑒𝑥𝑝((𝑙𝑛𝜂0 + 9.67) × (−1+ (1 + 𝑝/𝑝0)
𝑍))             (19) 
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3.4. Load Equation 

𝑤 −∫ 𝑝
𝑥𝑜𝑢𝑡
𝑥𝑖𝑛

(𝑥)𝑑𝑥 = 0                     (20) 

4. RESULT AND DISCUSSION 

4.1. Analysis of the Elastic Flow Characteristics of Gear Grease Lubrication 

Parameters of involute straight gear transmission: The number of teeth of the driving and 
driven wheels are z1 = 21 and z2 = 35 respectively, the pressure angle is 20°, the gear module is 
m = 2mm, the tooth width is 20mm, the overlap degree is 1.617, the gear material is 40Cr, the 
elastic modulus and Poisson's ratio are E1 = E2 = 2.06x1011 Pa and v1 = v2 = 0.3 respectively. The 
torque of the driving wheel is 24 N∙m, the rotational speed of the driving wheel is 500 r/min, 
the viscosity of the lubricating grease η₀ = 0.4 Pa∙s, and the flow rate index n = 0.85. 

The curvature radius and entrainment velocity along the meshing line vary as shown in 
Figures 2 and 3. The combined curvature radius R at the meshing point first increases to near 
the node and then decreases. The speed at the meshing point on the driving wheel gradually 
increases, the speed at the meshing point on the driven wheel gradually decreases, and the 
suction speed gradually increases. The slide–rolling ratio and contact load are shown in Figures 
4 and 5, where the slide–rolling ratio is negative from the root circle to the pitch circle, positive 
from the pitch circle to the tip circle, and 0 at the pitch circle. As can be seen from Figure 5, the 
contact load changes significantly from the single-tooth meshing zone to the double-tooth 
meshing zone, with the load in the single-tooth meshing zone being almost twice that in the 
double-tooth meshing zone. 

 

Figure 2. Curvature radius changes along the meshing line 

 

 

Figure 3. Diagram of the entrainment velocity along the meshing line  
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Figure 4. Variation of the slide–rolling ratio along the meshing line 

 

 

Figure 5. Load changes along the meshing line 

Under the condition of sufficient lubricant supply during the gear meshing process, in order 
to study the lubrication characteristics of the grease at different positions on the tooth profile, 
the calculated data of the tooth root position C, the node position P, and the tooth tip position D 
on the driving gear were selected for analysis. The results are shown in Figure 6. Due to the 
high-frequency dynamic changes of the entrainment speed and load at the meshing point of the 
gears, the central compressive stress and the central grease film thickness also change 
dynamically during each tooth surface meshing process. Because in the oil film outlet area, the 
oil film pressure returns to the ambient pressure, resulting in oil film rupture, hindering the 
flow of the lubricating grease, causing the grease to accumulate, and forming a local secondary 
pressure peak. At the secondary pressure peak, due to the contraction of the grease film, the 
necking phenomenon occurs in the outlet area. When just entering the meshing, the 
entrainment speed at point C is lower than at other points, and the pressure at the peak position 
reaches 0.801GPa, with the central film thickness being 0.122 um, and the minimum film 
thickness at the necking point is 0.091 um. At the node P position, since it is in the single-tooth 
meshing area, the load is twice that of point C, but the comprehensive curvature radius and 
entrainment velocity have improved, with the central film thickness being 0.135 um, and the 
minimum film thickness being 0.099 um. The pressure at point D is smaller than at other points, 
and the entrainment speed is the highest. The central film thickness is 0.152 um, and the 
minimum film thickness is 0.114 um, which has increased significantly compared to other 
points. 
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(a) Oil film pressure variation curve    (b) Oil film thickness distribution curve 

Figure 6. 0il film pressure and oil film thickness at characteristic points on meshing line  

4.2. Effects of Different Operating Conditions on The Elastohydrodynamic Characteristics 
of Gear Grease Lubrication 

During the actual use of gears, the operating parameters of the gear system vary greatly. 
Therefore, it is necessary to investigate the influence of different gear speeds, torques and 
grease viscosity on the elastohydrodynamic characteristics of gear grease lubrication. 

4.2.1. The effect of rotational speed on the elastohydrodynamic properties of gear grease 
lubrication 

When the driving wheel torque is 24 N∙m, the driving wheel speeds are 250,500 and 750 
r/min. With grease viscosity η₀= 0.4 Pa∙s and rheological index n = 0.85, observe the changes in 
oil film pressure and film thickness at node P. Figure 7 shows the lubricating grease oil film 
pressure and oil film thickness variations at the node position under different gear speeds. As 
the gear speed increases, the entrainment velocity at the node position also increases, leading 
to a corresponding increase in film thickness. Simultaneously, the height of the secondary 
pressure peak rises with increasing speed. When the speed reaches 750 r/min, the secondary 
peak pressure exceeds the central film thickness pressure. 

    

(a) Oil film pressure variation curve    (b) Oil film thickness distribution curve 

Figure 7. Oil film pressure and oil film thickness at different rotational speeds  

4.2.2. The effect of torque on the elastohydrodynamic characteristics of gear grease 
lubrication 

When the driving wheel speed is 500 r/min, the driving wheel torque is 12,24 and 36 N ∙m. 
With grease viscosity η₀= 0.4 Pa∙s, calculate the oil film pressure and film thickness at the gear 
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node position. Figure 8 indicates that as the load increases, the secondary pressure peak shifts 
toward the outlet position, with the necking phenomenon becoming more pronounced. Both 
the center film thickness and minimum film thickness show a decreasing trend, though the 
magnitude of change is relatively small. 

    

(a) Oil film pressure variation curve  (b) Oil film thickness distribution curve 

Figure 8. Oil film pressure and oil film thickness at different torques  

4.2.3. The effect of viscosity on the elastohydrodynamic properties of gear grease lubrication  

When the drive wheel torque is 24 N∙m and the drive wheel speed is 500 r/min, observe the 
changes in oil film pressure and film thickness at node P under lubricating grease with viscosity 
η₀= 0.1、0.4、0.8 Pa∙s and rheological index n=0.85. As shown in Figure 9, with increasing grease 

viscosity, the secondary pressure peak gradually rises while shifting toward the inlet region. 
Concurrently, the film thickness significantly increases, with the minimum thickness rising from 
0.031 um to 0.154 um. 

    

(a) Oil film pressure variation curve  (b) Oil film thickness distribution curve 

Figure 9. Oil film pressure and thickness of nodes at different viscosities  

5. CONCLUSIONS 

(1) Since the entrainment velocity and the combined radius of curvature on the meshing line 
increase gradually from the meshing point to the meshing point, and there is relative sliding on 
the tooth surface. Therefore, for one meshing cycle, the gear lubrication process is actually 
discontinuous, and a new oil film needs to be established with each meshing.  

(2) The entrainment speed at the tooth root position is the lowest, the load is the largest, and 
the oil film thickness is the thinnest at the tooth root position. The oil film thickness at the tooth 
tip position is larger, and the thickness of the node oil film is in the middle. 
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(3)As the rotational speed increases, the entrainment speed also increases, which helps to 
form a better grease film and increase the thickness of the oil film; as the torque increases, the 
film thickness decreases (with a relatively small impact); as the viscosity increases, the 
secondary pressure peak moves towards the inlet area, and the oil film thickness significantly 
increases. However, in practical applications, in addition to the high viscosity characteristic of 
the grease, the macroscopic rheology of the grease in the gearbox and the efficiency issue 
caused by the oil mixing loss should also be considered. 
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